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Abstract
Most of the studies on the adsorption of F– are experimental, and have been
done with synthetic solutions. Such studies rarely mimic the field situation.
Therefore, selection of an adsorbent that can remove F– from any kind of
feed requires models that can predict the adsorption behavior for any given
set of input conditions. From our observations and as also reported by many
authors, the adsorption of F– is affected by the presence of many ions. When
modelling the adsorption of F– , it is usually taken as a single entity getting
adsorbed on the adsorbent. As this is not a proper assumption, a model
was developed which takes into account all the speciation reactions that take
place during adsorption, and all the species like H+, OH– , Na+, Cl– , and
NO –3 present in the solution along with F
– . As an electrolyte system is
involved, the Nernst-Planck equations were used to obtain the flux of each
species. Using the model, the equilibrium constants and rate constants for the
reactions were obtained. For one initial concentration of F– , a reasonable fit
was obtained to the batch adsorption data, except at short times. Because of
an uncertainty in the amount of impurity present in the commercial adsorbent
used, there was a significant discrepancy between predictions and data at
higher initial concentrations of F– . The present model can be applied to any
charged adsorbent.
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1. Introduction
Most of the studies on adsorption of F– are experimental, and have been
done with synthetic solutions. Such studies rarely mimic the field situa-
tion. Therefore, selection of an adsorbent that can remove F– from any
kind of feed requires models that can predict the adsorption behavior for
any given set of input conditions. Data on most of the adsorbents used for
the adsorption of F– are observed to agree well with Langmuir or Freundlich
isotherms (Mondal and George, 2015). In the context of kinetics, they are
fitted either to Langmuir kinetics, pseudo-first-order or pseudo-second-order
kinetics. With the use of an analytical or numerical solution, we can predict
the performance of the adsorbent without the need for laborious experiments.
In the light of the above observations, the motivation for the present
work is as follows. Many papers show that the presence of an another
ion along with F– influences the adsorption of F– (Nigussie et al., 2007;
Goswami and Purkait, 2012; Chatterjee and De, 2014). However, with re-
spect to modelling the adsorption of F– , there are about 2 to 3 other
ions always present in water. These ions often affect the structural prop-
erties of the adsorbent (Okamoto and Imanaka, 1988; Su and Suarez, 1997;
Al-Abadleh and Grassian, 2003) and very few theoretical studies exist on the
combined effect of multiple ions on the adsorption of F– . Most of the avail-
able models do not account for the presence of other ions. Therefore, here a
model has been developed to predict the adsorption behaviour of F– in the
presence of H+, OH– , Cl– , NO –3 , and Na
+.
In the papers of Fletcher et al. (2006) and Tang et al. (2009), the concen-
tration of H+ is taken as an independent variable. Hao and Huang (1986)
assume that the surface concentration of H+ depends on the electric potential
of the surface, as the alumina surface becomes charged in solution. It is also
assumed that the equilibrium constants depend on the pH of the solution
(Hao and Huang, 1986; Fletcher et al., 2006). In the present work, the pH
is permitted to change with time, and the complexity arising because of the
surface potential is neglected.
2. Materials and methods
2.1. Experimental setup
Adsorption was studied in the batch mode. Two setups were used. In
one setup, a conical flask containing 200 mL of solution and 1 g of activated
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Table 1: Characteristics of AA pellets of grade OAS37, as provided by the manufacturer
Oxide (India) Catalysts Pvt. Ltd., Durgapur, India and experimentally measured.
Property
Quantity
Manufacturer Experimental
bulk density (kg/m3) 880 786
surface area (m2/g) 200 170
porosity 0.2 0.33
loss on attrition (%) 0.10 –
Al2O3 (weight %) 93.74 –
Fe2O3 (weight %) 0.05 –
SiO2 (weight %) 0.20 –
Na2O (weight %) 0.35 –
loss on ignition (at 900 ○C) (weight %) 5.66 –
alumina adsorbent was used. The details of the adsorbent are given in Ta-
ble 1. The flask was placed in a rotary shaker which was rotated at a speed of
100 rpm. In these experiments, it is expected that shaking will provide good
mixing and hence a uniform distribution of the solution and the adsorbent.
However, the adsorbent accumulated as a stationary heap near the center of
the flask even with a rotation speed of 100 rpm. Thus the relative velocity
between the fluid and particles is uncertain. When the shaker speed was
increased beyond 100 rpm, there was fluidization of the adsorbent pellets,
but after some time of operation, attrition of the pellets occurred, leading to
a reduction in their size.
In order to prevent the attrition and also to get an estimate of the relative
velocity vra of the fluid with respect to adsorbent, a different experimental
setup was used. The need to estimate vra arises because of the dependence
of the external mass transfer coefficient on vra. Therefore, the data were
acquired using a differential bed adsorber (DBA). The DBA experiments
were done using a glass column of inner diameter 18 mm and the flow was
controlled using a peristaltic pump (Fig. 1). The flow rate of the liquid
through the DBA was maintained at 1.5 mL/s and could not be increased
beyond this value owing to limitations of the available peristaltic pump. The
adsorbent bed of height 1 cm was sandwiched between 5 cm beds of glass
beads to ensure a uniform distribution of the fluid, especially when flow was
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Figure 1: Schematic view of the differential bed adsorber used for the batch experiments.
from the top to the bottom. The lower bed was supported on a steel mesh,
and the contents were loaded into the column after filling it with the solution
of interest. This prevented the formation of air gaps in the bed, which could
cause channelling of the fluid. The adsorbent height of 1 cm corresponds to
a weight of 2 g and the total volume of the circulating solution was taken
such that the solids concentration or bulk density was 5 g/L.
The bed porosity ǫb was determined by noting the change in the level
of water immediately after adding the pellets. It was found that ǫb = 0.59.
Using a microscope, the diameters of about 10 particles were measured. The
masses of the group of particles was measured and hence the averaged particle
density ρp could be calculated. It was found that ρp = 1910 kg/m3.
Before loading into the column, the adsorbent was soaked in deionised
water for 24 h. This was performed to remove any unwanted impurities
that were present on the adsorbent, as the used AA was a commercial grade
alumina. Adsorption of single ions onto AA was studied at first to determine
the adsorption efficiency of AA towards these ions. The concentration of
ions were varied from 40 mg/L to 5 mg/L for F– , 500 mg/L to 20 mg/L
for SO 2–4 , and 1000 mg/L to 10 mg/L for HCO
–
3 . After these experiments,
binary combinations of the ions (i) F– and Cl– , (ii) F– and NO –3 were
used. The change in the concentrations of the ions in the solution due to
4
adsorption was measured by collecting samples at regular intervals of time.
All the experiments were conducted at room temperature (26 - 30 °C).
2.2. Chemicals and chemical analysis
All the chemicals used in the preparation of the solutions were of analyt-
ical grade, and were used without any further purification. Deionised water
having a conductivity of 0.05 µS/cm was obtained from a Millipore unit.
Analysis of the samples was done using an ion chromatograph (Metrohm
883 Basic IC plus) for anions and cations. The 95% confidence limits were cal-
culated using the data for the standards and the t-distribution (Snedecor and Cochran,
1968). The error bars shown in the figures correspond to these limits. In or-
der to operate the chromatographic column below the maximum number of
exchange sites available in the column, it was recommended to dilute the
samples. During the analysis, the samples of ROR, SRW, and SNW were
diluted 5 or 10 times and samples of SFW were used without dilution. As
the bicarbonate concentration cannot be measured using this method, it was
calculated using titration (Eaton et al., 2005, p. 2.27). The concentration
of total carbonate comprising CO 2–3 , HCO
–
3 , and CO2(aq) was calculated
from the pH of solution, the pK values of carbonic acid, and the bicarbonate
concentration obtained by titration. The quality of the analysis based on the
ion chromatograph was checked using international standards like ION 915,
ION 96.4, and MISSIPPI - 03. It was found that the concentrations of all
ions quantified were within 5% of the certified values of these standards.
2.3. Surface studies
The determination of the possible reactions that can occur on the adsor-
bent can be determined by a study of its surface. It is known that the sur-
face of AA changes with time upon soaking in water (Wijnja and Schulthess,
1999; Lefevre et al., 2002; Ryazanov and Dudkin, 2004; Carrier et al., 2007).
This is mainly attributed to the hydration of the alumina surface, which was
observed to change to bayerite or gibbsite based on the pH of the solution
(Carrier et al., 2007). As the hydration reactions involve the use of H+ ions,
the use of titration can give us an insight into the equilibrium constants of
these reactions.
Potentiometric titration experiments were done using a Mettler Toledo
auto titrator (DL50 Rondolino). This was equipped with an automatic mi-
croburet and the pH of the solution after the subsequent addition of the
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titrant was measured by a Mettler Toledo pH electrode (DG111 - SC) con-
taining 3 M KCl solution. The pH meter was calibrated using Merck standard
solutions of pH 4.0 and 7.0. For all the experiments, 0.02 N HCl solution
was used as the titrant. It was calibrated using 5 mL of 0.02 N tris-hydroxy
methyl amino methan (TRIZMA) solution. The solution to be titrated con-
sisted of 0.25 g of the adsorbent suspended in 10 mL of de-ionized water.
This solution was made alkaline by the addition of 1 mL of 1 N NaOH, and
the pH was 12.0.
3. A model for titration and batch adsorption
A good model is needed to predict the adsorption behaviour for various
concentrations of the ions. Isotherms like Langmuir, Freundlich, and Sips
have been used to predict the equilibrium behaviour for the adsorption of F–
(Mondal and George, 2015), but it is assumed that there is only one species in
the solution. It is also assumed that the adsorbent consists of only occupied
and vacant sites. In practice, there is more than one species in the solution
and there is a competition between the species for adsorption. Further, the
adsorbent consists of different kinds of sites which can form varied complex
species. Therefore, it is essential to include the concentrations of the other
species in the model as well as different products formed by different sites.
With these assumptions one can predict the equilibrium composition on the
adsorbent and of the solution for any given initial condition.
The papers which show a decreased uptake of F– in the presence of
other ions do not mention or model how the concentrations of these ions
change with time (Islam and Patel, 2007; Tang et al., 2009; Dou et al., 2011;
Chatterjee and De, 2014). During the adsorption process, the following re-
actions have been proposed (Hao and Huang, 1986)
−−AlOH +H+ ÐÐ⇀↽ Ð −−AlOH +2 (1)−−AlOHÐÐ⇀↽ Ð −−AlO− +H+ (2)−−AlOH +2 +F− ÐÐ⇀↽ Ð −−AlF +H2O (3)
where −− denotes a surface group. Here the reaction
−−AlOH + F− ÐÐ⇀↽ Ð −−AlF +H2O
is not considered because it can be obtained by the addition of reaction (1),
(3), and the water reaction.
H2OÐÐ⇀↽ Ð H+ +OH−
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In the most commonly used modelling approaches (Nigussie et al., 2007;
Mondal and George, 2015) only (3) has been used. From (1) - (3) it can
be seen that along with the adsorbed species −−AlF, there are also −−AlOH,−−AlOH +2 , and −−AlO– present on the adsorbent. So there is need to consider
these species also. The groundwater usually contains many other species
like HCO –3 , SO
2–
4 , etc. along with F
– . If there is competitive adsorption,
then a few more species will also be produced (Wijnja and Schulthess, 1999;
Appel et al., 2013).
−−AlOH +2 +HCO −3 ÐÐ⇀↽ Ð −−AlOCO −2 +H2O +H+ (4)−−AlOH +2 + SO 2−4 ÐÐ⇀↽ Ð −−AlOSO −3 +H2O (5)
In the present section, the assumptions and governing equations for the
multicomponent adsorption are discussed. First, it is assumed that the charge
neutrality is separately obeyed by the adsorbent and the solution. In existing
models, the surface of the adsorbent is assumed to be charged, and the charge
is balanced by an electrical double layer of ions in the solution (Bockris et al.,
2006) (Fig. 2). The surface concentration ci,s and bulk concentration ci of
Figure 2: Schematic view of the possible distribution of the ions at the surface of a charged
solid. Here C+ and A– denote cations and anions, respectively, and S denotes a surface
site.
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an ion i at equilibrium, i.e. when there is no mass tranfer, are related by
ci,s = ci e
−ziFψ0
RT (6)
where ψ0 is the surface potential, or potential at the outer Helmholtz plane,
F is Faraday constant, R is universal gas constant, and T is the absolute
temperature of the system (Hao and Huang, 1986). However, accounting for
the diffuse double layer makes models of continuous contacting unwieldy.
Further (6) is not strictly valid when the rate of adsorption is non-zero. The
assumption of charge neutrality for the solid phase is equivalent to assuming
a sharp double layer equivalent to a group of capacitors in parallel. Hence
the concentrations at the surface and the bulk are assumed to be equal.
The charged species formed on the solid surface are assumed to be neu-
tralised by non-reactive ions present in the solution. In the present study,
chloride, nitrate and sodium were found to not complex with the adsorbent
i.e., they were non-reactive. Similarly Nagashima and Blum (1999) found
that Na+ did not affect the adsorption of H+ onto γ− alumina. Thus, it is
assumed that −−AlOH +2 is neutralized by either Cl– or NO –3 . In the present
case, the basis for taking Cl– in a solution made from NaF and deionized (DI)
water is that the pH of the DI water was about 6.0, but the water without
any ions should have a pH of 7.0. Therefore, upon analysis of this DI water
for anions using an ion chromatograph, it was also observed that there was a
minute peak for Cl– which is below the limit of detection (Fig. 3). Similarly,
Figure 3: Chromatogram from an ion chromatograph for anions in deionized water. Here
the x-axis represents the time and the y-axis represents the conductivity.
for −−AlO– , Na+ is the counter ion, as it is added along with F– . Hence (1)
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- (3) are replaced by
−−AlOH +H+ +Cl− ÐÐ⇀↽ Ð −−AlOH +2 Cl− (7)−−AlOH +Na+ ÐÐ⇀↽ Ð −−AlO−Na+ +H+ (8)−−AlOH +2 Cl− +F− ÐÐ⇀↽ Ð −−AlF +H2O +Cl− (9)
Equilibrium constants for (7) and (8) were obtained by titration, and for (9)
by batch adsorption.
3.1. Titration
The reactions that occur during titration are (7) and (8) and the equilib-
rium constants for these reactions are given by
K1 = aˆ1
aˆ2a1
(10)
K2 = aˆ3a1
aˆ2
(11)
where aˆ1 - aˆ3, and a1 are the electrochemical activities (Benjamin, 2002,
pg. 598) of −−AlOH +2 Cl– , −−AlOH, −−AlO–Na+, and H+, respectively. As the
double layer is collapsed onto a single plane in our model, ψ0 = 0. Hence, the
electrochemical activities may be replaced by the chemical activites. Con-
sidering the adsorbed phase to be an ideal solution, the activities may be
replaced by the mole fractions {yi} in the adsorbed phase. Similarly, consid-
ering a dilute solution a1 = c1c1,0 where c1,0 = 1.0 mol/L is a reference concen-
tration. Therefore, with these assumptions (10) and (11) can be rewritten
as
K1 = q1
q2c1
(12)
K2 = q3c1
q2
(13)
where qj = yjcT is the concentration of adsorbed species j (moles of j per
unit mass of the adsorbent), cT is the total number of sites on the adsorbent
(moles per unit mass of the adsorbent), and ci is the concentration of solute
species i (moles of i per unit volume of the solution).
For (7) and (8), qj with j varying from 1-3 corresponds to the species−−AlOH +2 Cl– , −−AlOH, −−AlO–Na+, respectively, and c1 corresponds to the
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concentration of H+ in the solution. The expressions for the equilibrium
equations (12) and (13) are consistent with simple mass action kinetics for
the special case where the charge-neutralising counter ions do not participate
in the adsorption or complexing process. Neutralisation occurs just based
on Coulombic attraction. Similar mass action kinetics were found suitable
by Winkler and Thodos (1971) for the removal of phosphate by activated
alumina activated with HNO3, where the measured rate was independent of
the concentration of nitrate in the solution.
In the titration experiment, the titrant was HCl and the solution to be
titrated consisted of AA in NaOH. The mass balances for Cl– and Na+ are
given by
c3iVa + cimpVa = c3(Va + Vb) +mpq1 (14)
c5iVb = c5(Va + Vb) +mpq3 (15)
where c3 and c5 are the concentrations of Cl
– and Na+, respectively, c3i is
the concentration of the titrant (acid), c5i is the initial concentration of the
base, Vb is the volume of the base taken, Va is the volume of the acid added,
mp is the mass of the adsorbent taken, and cimp is the total concentration
of impurity present in the solution after addition of the acid. As mentioned
earlier, the AA used in the experiments was a commercial adsorbent which
contained some impurities. In view of the leaching of NO –3 from the fresh
adsorbent when it is soaked in deionized water, it was assumed that the
impurity was NO –3 . The term cimpVa represents an ad hoc attempt to include
the leaching of nitrate into the solution during titration. More satisfactory
alternatives will be explored in the future. As shown later, there was no
adsorption of Cl– and NO –3 on the adsorbent. Also, becasue of the same
charge of these ions, Cl– and NO –3 are treated interchangeably in modelling.
In addition, the solution must be electrically neutral, or
c1 − c3 − Kw
c1
+ c5 = 0 (16)
Here c1 is the concentration of H
+ and Kw is ionic product of water. In
(16), Kw/c1 gives the concentration of OH– in solution. There can be a loss
of aluminium in the form of soluble complexes such as AlFn(H2O)
(3–n)
6-n ,
AlF 3–nn , and AlOH
3–n
n (Nordin et al., 1999; George et al., 2010; Jin et al.,
2010). This factor has been ignored in the present work.
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The mass balance for the adsorbates is given by
q1 + q2 + q3 = cT (17)
where qi are the concentrations of species on the adsorbent. There are six
equations (12) - (17) and seven unknowns c1, c3, c5, q1, q2, q3, and Va.
Therefore, in order to obtain a unique solution, we need to specify one of
the seven unknowns. In the titration experiment, the pH of the solution is
measured as a function of the volume of the titrant added Va. Equations (12)
to (17) can be solved to obtain Va in terms of c1 as
Va =
(c5i + c1 − Kw
c1
)Vb + (1 − K2
K1c
2
1
) mpcT
1 + 1
K1c1
+ K2
K1c
2
1
c3i + cimp − (c1 − Kw
c1
) (18)
The above equation can be rewritten in terms of the pH as
Va =
(c5i + 10−pH − Kw
10−pH
)Vb + (1 − K2
K110−2pH
) mpcT
1 + 1
K110−pH
+ K2
K110−2pH
c3i + cimp − (10−pH − Kw
10−pH
)
(19)
Equation (19) can be used to estimate the values of K1, K2, cT , and cimp by
fitting it to the data of pH vs. Va.
3.2. Batch adsorption: equilibrium
The above methodology can be followed for relating the variables involved
in the batch adsorption of F– . An equation for the mass balance of F– has
to be added, and the other mass balances have to be modified as titrant is
not added to the solution. Equations (14) - (15) are modified to
c2i = c2 + ρbq4 (20)
c3i + ρbq1i = c3 + ρbq1 (21)
c5i = c5 + ρbq3 (22)
where c2 and q4 are the concentrations of F
– and −−AlF, respectively, and ρb is
the mass of adsorbent pellets per unit volume of the solution in the bed and
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the stirred vessel (Fig. 4). Here the mass balance for Cl– is changed because
during the batch experiments, the adsorbent was taken after soaking in DI
water for 24 h and the solution which contained the leachate was discarded,
whereas the titration experiments were done along with the leachate. Here q1i
is the initial concentration of the impurity/leachate present on the adsorbent.
The equilibrium constant for the reaction (9) is defined as
K3 = q4
q1c2
(23)
The charge neutrality equation for the solution is
c1 − c2 − c3 − Kw
c1
+ c5 = 0 (24)
Therefore, there are eight unknowns c1, c2, c3, c4, q1, q2, q3, q4 and eight
equations (12, 13, 20 - 24).
3.3. Batch adsorption: kinetics
Till now, the equations governing equilibrium were discussed. Modelling
batch adsorption or continuous processing in a column requires rate data,
in addition to equilibrium data. The setup shown in Fig. 1 was used to
obtain data on adsorption kinetics, and the notation for the concentrations
is shown in Fig. 4. The volume of the adsorber bed is very small compared
to the volume of the stirred vessel.
For convenience, the species in the solution are numbered such that 1
denotes H+, n−1 denotes OH– , and n denotes any species whose concentra-
tion is eliminated using the electroneutrality condition. For example, for a
5-species system containing H+, Cl– , OH– , F– , and Na+, we have 1 = H+,
2 = F– , 3 = Cl– , 4 = OH– , and 5 = Na+. One of the important variables
is the pH. As it affects the adsorption of F– , special effort was made to ac-
count for the changes in pH, by treating the reaction between H+ and OH–
as instantaneous.
The mass balance for species i in a well-mixed stirred vessel is given by
V
dci
dt
= Q˙(ci,f − ci) + V R˙i; i = 1, n (25)
where V is the volume of the liquid in the vessel, ci,f and ci are the inlet and
outlet concentrations, respectively, Q˙ is the volumetric flowrate of the liquid,
12
Figure 4: Sketch of the differential adsorber used for the batch experiments.
and R˙i is the molar rate of production of i per unit volume by chemical
reactions. We have
R˙i = 0; i ≠ 1 & n − 1 (26)
R˙1 = R˙n−1 = kfcH
2
O − kbcH+cOH− (27)
where kf and kb are the rate constants for the reaction
H2OÐÐ⇀↽ Ð H+ +OH− (28)
It is assumed that (28) is always close to equilibrium. Hence R˙1 ≈ 0 and
Kw = aH+aOH−
aH
2
O
≈ cH+cOH− (29)
where ai is the activity of species i and cH+ is the concentration of H
+ in
mol/L. Hence, cOH− = cn−1 = Kw/c1. To eliminate R˙1, we subtract the mass
balance for i = n − 1 from the balance for i = 1 to obtain
V (dc1
dt
− dcn−1
dt
) = Q˙ [(c1,f − c1) − (cn−1,f − cn−1)] (30)
In (30), cn−1 is replaced by Kw/c1.
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The charge neutrality condition is used to eliminate the concentration of
the nth species. Thus
n∑
i=1
zici = 0⇒ cn = − n−1∑
i=1
zici
zn
(31)
where zi is the charge of species i, expressed in multiples of the charge of the
electron. Using (29) and noting that z1 = 1, and zn−1 = −1, (31) reduces to
cn = − 1
zn
(c1 − Kw
c1
) − n−2∑
i=2
zi
zn
ci (32)
Therefore, it is necessary to solve only n − 1 mass balances, and cn can
be obtained from (32). Hence the mass balances for species i in the stirred
vessel are given by
V
d
dt
(c1 − Kw
c1
) = Q˙ [(c1,f − c1) − (Kw
c1,f
− Kw
c1
)] (33)
V
dci
dt
= Q˙(ci,f − ci); i = 2, n − 2 (34)
Let us now consider the model for the differential packed bed. The ex-
ternal mass transfer rate to each pellet is calculated using a film model with
the assumption that a liquid film of thickness δ surrounds the pellet. As
is customary, convection and accumulation are neglected in the film. The
dissociation of water is instantaneous and is permitted to occur in the film.
The other reactions need adsorbent and occur only in the pellets. As before,
the solution is assumed to remain electrically neutral. The film thickness
is assumed to be small compared to the particle size, and the curvature of
the film is neglected. Let N˜ix denote the molar flux of i in the x-direction
(negative radial direction) (Fig. 5). The mass balance for species i in the
bulk liquid is given by
∂
∂t
(ǫbci,b) + ∂
∂z
Ni,z = −apN˜i,x∣x=0 + R˙i,b; i = 1, n (35)
where R˙ib is the molar rate of production of i per unit volume of the bed, ǫb
is the porosity of the bed, and ap = 3(1 − ǫb)/Rp is the external surface area
of the pellets per unit volume of the bed. As in the case of the stirred vessel,
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Figure 5: Sketch of the different fluxes into the pellet and the liquid film surrounding
it. Here Rp is the radius of the pellet, and n is the unit outward normal to the external
surface of the pellet.
in the bulk liquid, we have
R˙i,b = 0; i ≠ 1 & n − 1 (36)
R˙1,b = R˙n−1,b = kfcH
2
O − kbcH+cOH− (37)
Proceeding as in the case of the stirred vessel, we obtain
∂
∂t
[ǫb (c1,b − Kw
c1,b
)] + ∂
∂z
[N1,z −Nn−1,z] = −ap [N˜1,x − N˜n−1,x]∣x=0 (38)
∂
∂t
(ǫbci,b) + ∂
∂z
Ni,z = −apN˜i,x∣x=0; i = 2, n − 2 (39)
cn,b = − 1
zn
(c1,b − Kw
c1,b
) − n−2∑
i=2
zi
zn
ci (40)
For isothermal diffusion, the fluxes are related to the driving forces such
as the gradient of the chemical potential by the generalized Maxwell-Stefan
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equations (Krishna and Wesselingh, 1997)
di ≡ − xiRT ∇T,pµi −
1
cRT
(ciV¯i − ωi)∇p + 1
cRT
(ciF i − ωi
n∑
k=1
ckF k)
= n∑
j=1,i
xjN i − xiN j
cD– ij
, i = 1,2, . . . , n.
(41)
where di is the driving force acting on i per unit volume of the mixture, F i
is the body force acting per unit mass of i, N i is the molar flux of i, xi
is the mole fraction, ciV¯i is the volume fraction of species i, ωi is the mass
fraction of i, and µi is the chemical potential of i and ∇T,pµi is the gradient
of the chemical potential at a constant temperature T and pressure p. Here
c,R, and D– ij are the total concentration, the gas constant, and the Maxwell-
Stefan diffusivity, respectively and n is the total number of species. As
discussed in Bird et al. (2002, pp. 765-768), the first of (41) arises naturally
in the expression for the entropy production rate σ˙ in a multicomponent
fluid mixture. The term di is called a “driving force”, even though it does
not have the dimensions of a force. However, cRTdi may be regarded as a
force per unit volume. The expression for T σ˙ contains terms of the form
∑Ni=1 ji cRTρi di, where ji is the mass flux of i relative to the mass average
velocity and ρi is the density of i. Assuming that each flux ji is a linear
function of all the driving forces {dk}, the flux relations can be inverted
to obtain the second of (41) (Curtiss and Bird, 1999). Predictions of (41)
coupled with the mass balances agree fairly well with data obtained from
many systems (Krishna and Wesselingh, 1997).
For isobaric diffusion in a dilute electrolyte solution, (41) can be simplified
to obtain (Krishna, 1987)
N i = −Di∇ci − ziciDiF∇φeRT + civ (42)
where v is the velocity vector of the solution, F is the Faraday constant,
and φe is the electrostatic potential generated because of the ions. For a
dilute system, the diffusivity D– ij in (41) may be replaced by D– iw i.e. the
diffusivity of species i with respect to water. This quantity is defined as
Di in (42). Equation (42) is called the Nernst-Planck equation and has
been used by many authors to model ion-exchange onto resins (Frey, 1986;
Jia and Foutch, 2004; Bachet et al., 2014). In the context of defluoridation
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with an oxide adsorbent, this approach has not been used earlier. During
adsorption, it is assumed that the adsorbent and solution are electrically
neutral separately.
The current density is given by
I = n∑
i=1
ziN iF (43)
or, using (42),
I = n∑
i=1
(ziciv − z2i F 2ciDi∇φe
RT
− ziFDi∇ci) (44)
As the system is electrically neutral, (31) and (44) imply that
I = − n∑
i=1
(z2i F 2ciDi∇φe
RT
+ ziFDi∇ ci) (45)
As no current passes through the system I = 0. Hence (45) reduces to
∇φe = −
RT
n∑
i=1
ziDi∇ci
F
n∑
i=1
z2i ciDi
(46)
Using standard electrochemical engineering terminology (Gu et al., 1997;
Newman and Thomas-Alyea, 2012), the conductivity number κ and trans-
port numbers ti are defined by
κ ≡ F 2
RT
∑ z2i ciDi (47)
ti ≡ z2i ciDin∑
k=1
z2kckDk
(48)
Hence
∇φe = − RT
F
∑ni=1 ziDi∇ci
κRT /F 2 and
ti
zi
= ziciDi
κRT /F 2 (49)
Substituting (46) and (49) in (42), we obtain
N i = −Di∇ci + tizi [
n∑
k=1
zkDk∇ck] + civ
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or
N i = −
n∑
j=1
Dij∇cj + civ (50)
where
Dij ≡ δijDi − ti
zi
zjDj (51)
and δij is the Kronecker delta.
It may be noted that the fluxes are coupled to the driving forces of all the
species due to enforcement of charge neutrality. Ignoring the axial diffusion
and axial dispersion in the bulk liquid,
Ni,z = ci,bvz = ǫbci,bv¯z (52)
where Ni,z is the z-component of the molar flux and v¯z is the interstitial
velocity.
If we ignore convection in the liquid film, and if diffusion occurs only in
the x-direction (Fig. 5), (50) reduces to
N˜i,x = − n∑
j=1
Dij
∂cj
∂x
(53)
Ignoring the accumulation in the liquid film, and if the only reaction in
the film is the dissociation of water, the mass balances are given by
dN˜i,x
dx
= 0; i = 2, n − 2 (54)
dN˜i,x
dx
= R˙i,f ; i = 1 & i = n − 1 (55)
Following the procedure used earlier, equations (55) are combined to elimi-
nate the rate of the decomposition of water and may be rewritten as
dN˜1,x
dx
− dN˜n−1,x
dx
= 0
The above equation can be integrated to obtain
N˜1,x − N˜n−1,x = constant (56)
18
Assuming that the concentration varies linearly across the film, and using
(53) in (56) we obtain
N˜1,x − N˜n−1,x = n∑
j=1
(D1j −Dn−1,j)(cj,b − cj,s)
δ
(57)
where cj,b is the concentration in the bulk liquid, cj,s is the concentration at
the surface of the pellet, and δ is the thickness of the film (Fig. 5). Note
that the Dij’s are functions of the concentrations, but have been treated as
constants while deriving (57) from (53). Similarly,
N˜i,x = n∑
j=1
Dij
(cj,b − cj,s)
δ
; i = 2, n − 2 (58)
The expressions derived for fluxes to the surface of the pellet can be
substituted into the balances (38) and (39) for the bed. These reduce to
∂
∂t
[ǫb (c1,b − Kw
c1,b
)]+ ∂
∂z
[ǫbv¯z (c1,b − Kw
c1,b
)] = − ap n∑
j=1
(D1j −Dn−1,j) (cj,b − cj,s)
δ
(59)
∂
∂t
(ǫbci,b) + ∂
∂z
(ǫbv¯zci,b) = − ap n∑
j=1
Dij
(cj,b − cj,s)
δ
; i = 2, n − 2 (60)
Let us now consider the liquid inside the pellets. The mass balance are
given by
∂
∂t
(ǫpci,p) +∇.N i,p = ρpR˙i,p + R˙i,x (61)
where ǫp is the porosity of the pellet, ci,p is the molar concentration of i per
unit volume of the fluid, N i,p is the molar flux of species i in the pellet, R˙i,p
is the molar rate of production of i per unit mass of the pellet, ρp is the
density of the pellet, and R˙i,x is the rate of production of i due to the water
reaction (28). Thus
R˙i,x = 0; i ≠ 1 & i ≠ n − 1 (62)
R˙1,x = R˙n−1,x (63)
Subtracting the mass balance equation for i = n − 1 from that of i = 1, we
obtain
∂
∂t
[ǫp (c1,p − Kw
c1,p
)] +∇. [N 1,p −Nn−1,p] = ρp(R˙1,p − R˙n−1,p) (64)
∂
∂t
(ǫpci,p) +∇.N i,p = ρpR˙i,p; i = 2, n − 2 (65)
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To simplify the analysis, (64) and (65) are integrated over the the volume
Vp of the pellet. Thus
∂
∂t
[ǫpVp (c¯1,p − Kw
c¯1,p
)] + n. [Ap(N 1,p −Nn−1,p)]r=Rp = ρpVp( ¯˙R1,p − ¯˙Rn−1,p)
(66)
∂
∂t
(ǫpVpc¯i,p) + n.Ap N i,p∣r=Rp = ρpVp ¯˙Ri,p; i = 2, n − 2
(67)
where overbars denote volume-averaged values, Ap is the external surface
area of the pellet, n is the unit outward normal, and Rp is the radius of the
pellet (Fig. 5).
The pellets that are normally used for adsorption are porous materials,
and hence the diffusion process may occur by bulk, Knudsen, and surface
diffusion (Ruthven, 1984). Therefore, inside the pellets there will be an
effective diffusion. Ignoring convection within the pellets, the flux of a species
i in dilute electrolyte solution is given by an equation analogous to (50), i.e.
N i,p = −
n∑
j=1
D
e
ij∇cj,p (68)
where Deij denotes an effective diffusion coefficient. The above equation is
similar to the dusty gas model for a dilute mixture (Krishna and Wesselingh,
1997), but with the incorporation of an electrical force. Therefore
D
e
ij ≡Dei δij − tizi zjDej (69)
1
Dei
= 1
Deiw
+ 1
Deim
; ti = z2iDei ci,p∑nj=1 z2jDejcj,p (70)
where Deiw is an effective ion-water bulk diffusion coefficient, and D
e
im is an
effective Knudsen diffusion coefficient of species i in the porous medium.
In the present model, the Knudsen diffusion is neglected. For the porous
medium, Dei = Deiw = ǫ3/2p Di (Tjaden et al., 2016). The radial component of
the flux is given by
n.N i,p = Ni,p∣r = −
n∑
j=1
D
e
ij
∂cj,p
∂r
(71)
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In the spirit of the linear driving force model (Gleuckauf, 1955; Sircar and Hufton,
2000; Moreira et al., 2006; Tefera et al., 2014), we approximate
∂cj,p
∂r
∣
r=Rp
by
∂cj,p
∂r
∣
r=Rp
= cj,p,s − c¯j,p
δ′
= cj,s − c¯j,p
δ′
(72)
where c¯j,p is the volume averaged concentration of j in the pellet, cj,p,s = cj,s
is the value of cj at the external surface of the pellet, and δ′ is a constant.
Hence the fluxes are given by
N1,p∣r=Rp − Nn−1,p∣r=Rp = −
n∑
j=1
(De1j −Den−1j)(cj,s − c¯j,p)δ′ (73)
Ni,p∣r=Rp = −
n∑
j=1
D
e
ij
(cj,s − c¯j,p)
δ′
; i = 2, n − 2 (74)
Using (72) and (71), (66) and (67) can be rewritten as
∂
∂t
[ǫpVp (c¯1,p − Kw
c¯1,p
)] −Ap n∑
j=1
(De1j −Den−1j) (cj,s − c¯j,p)δ′ = ρpVp( ¯˙R1,p − ¯˙Rn−1,p)
(75)
∂
∂t
(ǫpVpc¯i,p) −Ap n∑
j=1
D
e
ij
(cj,s − c¯j,p)
δ′
= ρpVp ¯˙Ri,p; i = 2, n − 2 (76)
The concentration cj,s in the above equations may be eliminated by en-
suring the continuity of fluxes at the surface of the pellet. Thus
N˜1,x − N˜n−1,x = − (N1,p −Nn−1,p)∣r=Rp (77)
N˜i,x = − Ni,p∣r=Rp ; i = 2, n − 2 (78)
Substituting the fluxes we obtain
n∑
j=1
(D1j −Dn−1,j) (cj,b − cj,s)
δ
= n∑
j=1
(De1j −Den−1,j) (cj,s − c¯j,p)δ′ (79)
n∑
j=1
Dij
(cj,b − cj,s)
δ
= n∑
j=1
D
e
ij
(cj,s − c¯j,p)
δ′
; i = 2, n − 2 (80)
Equations (79) and (80) involve n unknowns cj,s, j = 1, n. However, as dis-
cussed earlier, the final form of the expressions for the fluxes in the bulk and
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the pellet can be obtained by eliminating the species n−1 and n, and can be
written as (see Appendix A)
N˜1,x − N˜n−1,x = n−2∑
j=1
kb,1j(cj,b − cj,s),
N˜i,x = n−2∑
j=1
kb,ij(cj,b − cj,s); i = 2, n − 2
(81)
(N1,p −Nn−1,p)∣r=Rp = −
n−2∑
j=1
kp,1j(cj,s − c¯j,p),
Ni,p∣r=Rp = −
n−2∑
j=1
kp,ij(cj,s − c¯j,p); i = 2, n − 2
(82)
where kb,ij and kp,ij are effective mass transfer coefficients for transfer from
the bulk solution to the surface of the pellet, and from the surface of the
pellet to the interior, respectively. They are given by
kb,ij =
⎧⎪⎪⎨⎪⎪⎩
λi1 − φc1,sλi,n−1 j = 1
λij j ≠ 1
kp,ij =
⎧⎪⎪⎨⎪⎪⎩
λ′i1 − φ′c1,sλ′i,n−1 j = 1
λ′ij j ≠ 1
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
i = 1, n − 2; j = 1, n − 2 (83)
where
λij =
⎧⎪⎪⎨⎪⎪⎩
Dij i ≠ 1
D1j −Dn−1,j i = 1
λ′ij =
⎧⎪⎪⎨⎪⎪⎩
D′ij i ≠ 1
D′1j −D′n−1,j i = 1
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
i = 1, n − 2; j = 1, n − 1 (84)
Dij = (Dij − ξjnDin)
δ
D
′
ij = (D
e
ij − ξjnDein)
δ′
⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
i = 1, n − 1; j = 1, n − 1 (85)
A detailed derivation is given in Appendix A. The quantities Dij , Deij are
defined in (51) and (69), respectively, and φ, φ′, and ξij in (83) - (85) are
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defined by
φ = Kw
c1,b
, φ′ = Kw
c¯1,p
, ξij = zi
zj
Equations (77) - (82) imply that
n−2∑
j=1
kb,ij(cj,b − cj,s) = n−2∑
j=1
kp,ij(cj,s − c¯j,p); i = 1, n − 2 (86)
Let us relate the balances in the stirred vessel to the balances in the bed.
Integrating (59) over the volume of the bed and using (81), we obtain
Vb
d
dt
[ǫb (c¯1,b − Kw
c¯1,b
)]+Aǫbv¯z [(c1,b − Kw
c1,b
)
z=L
− (c1,b − Kw
c1,b
)
z=0
]
= −apA n−2∑
j=1
∫ L
0
kb,1j(cj,b − cj,s)dz
(87)
where A is the area of cross section of the bed, and c¯1,b is the volume averaged
bulk concentration. As the solution is recirculated at a volumetric flow rate
Q˙, we have Q˙ = Aǫbv¯z, c1,b∣z=L = c1,f , and c1,b∣z=0 = c1 (see Fig. 4). Equation
(87) can be rewritten as
Q˙ [(c1,f − Kw
c1,f
) − (c1 − Kw
c1
)] = −Vb d
dt
[ǫb (c¯1,b − Kw
c¯1,b
)]
− apA n−2∑
j=1
∫ L
0
kb,1j(cj,b − cj,s)dz
(88)
Similarly, the balances (60) for i = 2, n−2 in the bulk liquid may be integrated
over the volume of the bed to obtain
Q˙(ci,f − ci) = −Vb d
dt
(ǫbc¯i,b)− apA n−2∑
j=1
∫ L
0
kb,ij(cj,b − cj,s) dz; i = 2, n − 2 (89)
Using (88) and (89), the mass balances (33) and (34) for the stirred vessel
take the form
V (dc1
dt
− dcn−1
dt
) = −Vb d
dt
[ǫb (c¯1,b − Kw
c¯1,b
)] − apA n−2∑
j=1
∫ L
0
kb,1j(cj,b − cj,s) dz
(90)
V
dci
dt
= −Vb d
dt
(ǫbc¯i,b) − apA n−2∑
j=1
∫ L
0
kb,ij(cj,b − cj,s) dz; i = 2, n − 2 (91)
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Using (73) - (76) and (82), we obtain
n−2∑
j=1
kp,1j(cj,s − c¯j,p) = Vp
Ap
∂
∂t
[ǫp (c¯1,p − Kw
c¯1,p
)] − ρpVp
Ap
( ¯˙R1,p − ¯˙Rn−1,p); (92)
n−2∑
j=1
kp,ij(cj,s − c¯j,p) = Vp
Ap
∂
∂t
(ǫpc¯i,p) − ρpVp
Ap
¯˙
Ri,p; i = 2, n − 2 (93)
Substituting (92) and (93) in (90) and (91), respectively, and using (86) the
final form of the overall mass balance is given by
V
dc′i
dt
= −Vb d
dt
(ǫbc¯′i,b) − apAVpAp ∫
L
0
[ ∂
∂t
(ǫpc¯′i,p) − ρp ¯˙R′i,p]dz; i = 1, n − 2 (94)
where c′1 = c1 −Kw/c1, ¯˙R′1,p = ¯˙R1,p − ¯˙Rn−1,p and c′i = ci, ¯˙R′i,p = ¯˙Ri,p; i = 2, n − 2,
subscripts p and b represent concentrations in the solution in the particle and
the bulk, respectively, and an overbar represent the average concentration.
As the volume of the bed Vb is ≪ V , the volume of the stirred vessel, (94)
may be approximted by
V
dc′i
dt
= −apAVp
Ap
∫ L
0
[ ∂
∂t
(ǫpc¯′i,p) − ρp ¯˙R′i,p]dz; i = 1, n − 2 (95)
and the mass balance on the adsorbate is
∂q¯j
∂t
= ¯˙R′j,p; j = 1,m (96)
4. Results and discussion
4.1. Adsorption of single components
Activated alumina (AA) is an amphoteric oxide because of its ability
to accept and donate protons. During this process, based on the affinity
of the sites on the adsorbent towards the ions, they are adsorbed on the
surface. Therefore, in order to know the affinity of different ions for the
adsorbent, experiments were conducted with F– , HCO –3 , SO
2–
4 , NO
–
3 , and
Cl– . Fluoride, HCO –3 , and SO
2–
4 were adsorbed on AA with an increase in
the pH of the solution for F– and SO 2–4 , but a decrease in the pH for HCO
–
3 .
An equilibrium was attained in 15-20 h for F– (Fig. 6), and 5 h for SO 2–4
(Fig. 7). The uptake of SO 2–4 was very low. With respect to NO
–
3 , there was
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Figure 6: Variation of the concentration of F– , cF with time of operation for different
initial concentrations of F– in mg/L: ∎, 40; ●, 20; ▲, 10; ▼, 8; ◆, 5; ◀,2. Mass of the
adsorbent used mAA = 1.0 g and volume of solution taken Vs = 200 mL.
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Figure 7: Variation of the concentration of SO 2–4 , cS with the time of operation for
different initial concentrations of SO 2–4 in mg/L : ▲, 524; ●, 417; ∎, 204. Parameter
values are as in Fig. 6.
a slight decrease in the concentration of NO –3 in the solution at the start of
the experiment, but after 1 h it was constant (Fig. 8). Therefore, there it can
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Figure 8: Variation of the concentration of NO –3 , cN with the time of operation for an
initial concentration of 100 mg/L of NO –3 . The inset shows the variation of cN in the
first few hours of operation. Parameter values are as in Fig. 6.
be assumed that there was no adsorption of NO –3 onto AA. For Cl
– , there
was a decrease in the concentration for 2-4 h, along with a leaching of NO –3
into the solution (Fig. 9). This was probably because HNO3 was used as a
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Figure 9: Variation of the concentration of species i, ci with the time of operation for an
initial concentration of 100 mg/L of Cl– : ∎, Cl– ; ●, NO –3 . Parameter values are as in
Fig. 6.
binding agent during the manufacture of AA (Oxide India Pvt. Ltd., private
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communication 2014). Even after soaking in DI water, some amount of NO –3
might have remained on the adsorbent. Hence, the drop in Cl– can be caused
by an exchange of Cl– and NO –3 to maintain an electrically neutral solution.
However, this argument does not hold during the adsorption of SO 2–4 and
F– . The leaching of NO –3 has attained equilibrium after 1 h during the
adsorption of SO 2–4 and after 4 h during the adsorption of F
– . Adsorption
of HCO –3 attained an equilibrium at about 10 h (Fig. 10) and there was a
faster drop in the pH at lower concentrations of HCO –3 compared to that
with higher concentrations (Fig. 11).
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Figure 10: Variation of the concentration of HCO –3 , cH with the time of operation for
different initial concentrations of HCO –3 in mg/L: ∎, 1076; ●, 563; ▲, 250; ▼, 100.
Parameter values are as in Fig. 6.
In the case of ions which were adsorbed, there was either release or uptake
of H+ or OH– , which causes a change in the pH. From some of the surface
studies with the help of FTIR, it was predicted that the possible reactions
of these ions with the adsorbent can be (Hao and Huang, 1986)
AlOH +2 + F− ÐÐ⇀↽ Ð AlF +H2O (97)
AlOH + F− ÐÐ⇀↽ Ð AlF +OH− (98)
In the experiments with the shaker setup, discussed in section 2.1, there
was no movement of the particles from the center of the flask. Therefore,
to avoid this and get more reliable data, the differential bed adsorber setup
was used for the experiments. It was observed that there was a considerable
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Figure 11: Variation of pH with the time of operation for different initial concentrations
of HCO –3 : ∎, 1076; ●, 563; ▲, 250; ▼, 100. Parameter values are as in Fig. 6.
decease in the external mass transfer resistance (Fig. 12). This can help in
obtaining a better prediction of the kinetic results. However, no attempt was
made to eliminate the mass transfer resistance completely in the experiments.
4.2. Negligible adsorption of NO3-, Cl-, and Na+ in the presence of F-
For the selective removal of F– from solutions, it is necessary to check for
the dependence of the removal of F– on the presence of other ions. These
ions can either increase or decrease the uptake of F– by the adsorbent. As
the surface of AA is positively charged when the pH of the solution is below
the pH of zero point charge (pHzpc), it is possible for the surface to adsorb or
attract anions. The converse is true if pH > pHzpc. So the adsorption of F–
onto AA was checked in the presence of ions such as NO –3 , Cl
– , and Na+.
There was no effect of Cl– on the uptake of F– (Fig. 13). This was re-
flected in the concentration of Cl– , which shows that there was no adsorption
of this ion onto the adsorbent (Fig. 14). However, when only Cl– was present
in the system, there was about 20% uptake (Fig. 9). This clearly indicates
that the adsorption of Cl– is mostly to neutralize the charge present on the
surface of the adsorbent i.e. the ion that is present in the double layer (Fig. 2)
rather than forming a new complex species on the adsorbent. As mentioned
earlier, there was leaching of NO –3 into the solution from the AA. When the
concentrations of other ions such as F– and Cl– were increased, the leaching
of NO –3 into the solution was hindered, even though the value attained at
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Figure 12: Variation of the concentration of F– , cF with the time of operation for an
initial concentration of 5 mg/L of F– : ∎, differential bed adsorber; ●, shaker. The bulk
density in both the experiments was kept at a constant value of 5 g/L. Volumetric flow
rate for the differential bed adsorber = 1.5 mL/s.
long times was almost the same (Fig. 15). This delay may be caused by a de-
crease in the effective diffusion coefficient of NO –3 , which is affected because
of the higher concentration of Cl– . Therefore, there is a relatively higher
influx of Cl– compared to the outflow of NO –3 from the pellet.
Similarly, NO –3 had a negligible effect on the adsorption of F
– (Fig. 16).
For an initial NO –3 concentration of 200 mg/L, there was an increase in the
NO –3 concentration because of the release of the nitrate from the adsorbent.
For a higher initial concentration, there was no leaching (Fig. 17). This may
be caused by a lower concentration gradient between the NO –3 in the pellets
and in the solution, which is responsible for the diffusion of NO –3 into the
solution.
The adsorption of positive ions onto AA is mainly assumed to occur when
the surface is negatively charged, i.e. when the pH of the solution is > pHzpc.
In the presence of F– , there was an increase in the pH of the solution upon
adsorption of F– (Fig. 18), but not > pHzpc of the adsorbent i.e. 7.8. The
pHzpc was obtained from the equilibrium constantsK1 andK2 for the alumina
using the equation (Charmas et al., 1995)
pHzpc = 12(pK1 + pK2) (99)
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Figure 13: Variation of the concentration of F– , cF with the time of operation for an
initial concentration of 40 mg/L of F– and different initial concentrations of Cl– in mg/L:●, 800; ∎, 200; ▲, 0. The bulk density was 5 g/L and the volumetric flow rate was 1.5
mL/s.
The values of K1 and K2 are determined in the next section. Therefore
there were not many negative sites on the adsorbent for the adsorption or
attraction of the Na+ ions. This was observed in the negligible adsorption
of Na+ on AA (Fig. 19). In these experiments, the Na+ ion was added in
the form of NaF. Hence there was a simultaneous increase in concentration
of both these ions. An increment of Na+ with F– maintained constant is
possible by the addition of NaOH. However, this leads to an increase in the
pH of the solution, thereby changing the initial condition for the adsorption
of F– . With NaF, there is negligible or no change in the pH of the solution.
4.3. Effect of soaking on the surface of the adsorbent
Soaking of activated alumina is observed to have profound effect on the
surface and reactivity of the adsorbent. Kanwar (2010) observed that soaking
of AA in deionized water for 24 h had increased the uptake of F– compared to
fresh AA or AA soaked for 48 h. Scanning electron microscope (SEM) images
show that the fresh AA had a rough surface with many small particles on it
(Fig. 20) but when the AA was soaked for 24 h, the surface was covered with
hexagonal rings (Fig. 21). This indicates that there is some change in the
crystalline structure of alumina and it might be the reason for an increased
uptake of F– . Upon adsorption of F– , there is a change in structure to a
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Figure 14: Variation of the concentration of Cl– , cCl with the time of operation for an
initial concentration of 40 mg/L of F– and different initial concentrations of Cl– (c0,Cl)
in mg/L: ●, 800; ∎, 200. Parameter values are as in Fig. 13.
smooth surface with mostly large particles compared to fresh AA (Fig. 22).
4.4. Prediction of the concentrations of different ions
4.4.1. Estimation of the equilibrium constants
First consider the equilibrium titration data, obtained as discussed in
section 2.3. To predict the variation of the pH with the volume of acid
added, estimates for the equilibrium constants Ki, and the total number of
sites on the adsorbent cT are needed. As mentioned earlier, NO
–
3 leaches
from AA. In order to account for NO –3 in (19), along with K1,K2, and cT ,
the initial concentration of nitrate present when the adsorbent is added to
solution i.e. cimp was also taken as a parameter.
Initial guesses forK1,K2, and cT were obtained from the results of Kanwar
(2010), and an estimate for cimp was obtained from the experiment conducted
by soaking the adsorbent in DI water before the start of the experiment. The
final values of the parameters were obtained using the MATLAB routine
Lsqcurvefit. However, there was a large variation in the values of K1 and
K2 for different initial guesses (Table 2). As the values of cT and cimp were
approximately constant for different initial guesses, average values were used
for these parameters.
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Figure 15: Variation of the concentration of NO –3 , cN with the time for an initial con-
centration of 40 mg/L of F– and different initial concentrations of Cl– in mg/L: ●, 800;
∎, 200; ▲, 0. Parameter values are as in Fig. 13.
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Figure 16: Variation of the concentration of F– , cF with the time for an initial concentra-
tion of 40 mg/L of F– and different initial concentrations of NO –3 in mg/L: ●, 800; ∎,
200; ▲, 0. Parameter values are as in Fig. 13.
The constants are obtained by minimizing the objective function
fo =∑
i
(F (p,xdatai) − ydatai)2 (100)
where xdatai and ydatai are the pH and the ratio of the volume of the acid
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Figure 17: Variation of the concentration of NO –3 , cN with the time for an initial concen-
tration of 40 mg/L of F– and different initial concentrations of NO –3 in mg/L: ●, 800;
∎, 200. Parameter values are as in Fig. 13.
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Figure 18: Variation of the pH with time for different concentrations of Na+ and F–
in mg/L: ●, cNa = 14.6 mg/L, cF = 9.2 mg/L; ∎, cNa = 22.6 mg/L, cF = 14.4 mg/L.
Parameter values are as in Fig. 13.
added Va to the volume of base taken Vb, respectively, corresponding to the ith
data point, and F (p,xdatai) is the predicted value of Va/Vb, obtained using
(19). Here p denotes the parameters that have to be estimated. Keeping cT
and cimp fixed, contours of constant fo are plotted in the pK1 - pK2 plane,
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Figure 19: Variation of the dimensionless concentration of Na+, cNa with time for different
concentrations of Na+ and F– : ●, cNa = 14.6 mg/L, cF = 9.2 mg/L; ∎, cNa = 22.6 mg/L,
cF = 14.4 mg/L. Parameter values are as in Fig. 13.
Figure 20: Scanning electron microscope image of fresh AA. Magnification ≈ 20 KX.
where pKi ≡ − log10Ki. The minimum value of fo occurs at K1 = 1.58 ∗ 106
and K2 = 3.98 ∗ 10−10. The poor performance of Lsqcurvefit may be because
of a shallow region near the minimum (Fig. 23). A good fit was obtained
with fo = 0.0036 (Fig. 24). The amount of impurity in the adsorbent in the
form of NO –3 i.e. cimp/ρb = 3.8 mmol/g is more than the total number of sites
(cT = 0.28 mmol/g) on the adsorbent (Table 2). Thus NO –3 is probably not
adsorbed, but remains in the liquid in the pores of the adsorbent. This is also
consistent with our assumption that NO –3 and Cl
– are the ions which are
34
Figure 21: Scanning electron microscope image of AA soaked for 24 h. Magnification ≈
20 KX.
Figure 22: Scanning electron microscope image of AA after adsorption of F– . Magnifica-
tion ≈ 20 KX.
present only in the double layer adjacent to the charged surface as a means
to counter the charge of the surface. The obtained pK values i.e. 6.2 and 9.4,
correspond to the range of values reported in literature (Davis et al., 1978;
Ryazanov and Dudkin, 2003, 2004). Sensitivity analysis for the obtained
equilibrium constantsK1 andK2 was done by varying the values by 20%. The
simulated curves were similar to the values corresponding to the minimum
fo (Fig. 25).
In order to estimate the equilibrium constants for the adsorption of ions
such as F– and HCO –3 , batch adsorption data and equilibrium values are
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Table 2: Estimated parameters for the titration data using the MATLAB routine Lsqcurve-
fit for three different initial guess values.
Parameter
initial guess final value
1 2 3 1 2 3
K1 ∗ 10−6 0.1 1.0 100 5.74 1.66 100
K2 ∗ 109 3.16 31.6 1.0 83.2 0.635 1.03
cT 0.115 0.12 0.042 0.236 0.277 0.24
(mmol/g)
cimp 0.2 0.018 0.02 0.018 0.017 0.02
(mol/L)
0.27
0.18
0.091
0.27
0.18
0.36
0.45
0.54
0.27
0.63
0.72
0.80
0.36
0.45
0.048
0.54
0.63
0.029
0.72
0.0050
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Figure 23: Contour map showing the variation of the objective function fo with change in
the values of pK1 = −log10K1 and pK2 = −log10K2.
required for a series of initial concentrations. Using the equilibrium data for
F– , Cl– and H+ (Fig. 26), the equilibrium constant K3 (corresponding to (9))
was obtained by minimizing the objective function. During the adsorption
experiment, it was observed that even after soaking AA in DI water there
was still some amount of impurity present in the adsorbent. So, in order to
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Figure 24: Titration of a solution containing 0.02 N NaOH and 0.25 g of AA with 0.02 N
HCl: ●, data; , model. Here Vb = 50 mL is the volume of the base taken and Va is
the volume of the acid added.
account for this a parameter q1i (see (21)) is also taken into account along
with K3. The objective function (100) was minimized using the MATLAB
routine Lsqcurvefit and the parameters obtained were K3 = 1.66 ∗ 102 and
q1i = 0.13 mmol/g. The model ((20) - (24)) fits the data for H+ fairly well
(Fig. 26), but overestimates the data for F– and Cl– at higher concentrations
(Figs. 27 and 28).
4.4.2. Estimation of the rate constants for the reactions (7) - (9)
The rate expressions for these reactions (7) - (9) are given as
r1 = kf1(c1q2 − q1/K1) (101)
r2 = kf2(q2 − q3c1/K1) (102)
r3 = kf3(q1c2 − q4/K3) (103)
where q1, q2,andq3 correspond to the adsorbate concentrations of −−AlOH +2 Cl– ,−−AlOH, and −−AlO–Na+, respectively. For the differential adsorber, the vari-
ation of the concentration of the ions with time can be obtained by inte-
grating (95) and (96), and the mass balances for the adsorbates simultane-
ously. In order to solve these equations the values of the diffusivities Di,
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Figure 25: Simulated titration curves for titration of a solution containing 0.02 N NaOH
and 0.25 g of AA with 0.02 N HCl: , K1 and K2 corresponding to the minimum
of fo (K1 = 1.58 ∗ 10
6 ≡ K1∗, K2 = 3.98 ∗ 10
−10 ≡ K2∗); ▲, K2 = 0.8K2∗, K1 = 0.8K1∗; ∎,
K2 = 1.2K2∗, K2 = 1.2K1∗. Here Vb = 50 mL is the volume of the base taken and Va is the
volume of the acid added.
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Figure 26: Variation of the equilibrium concentration of H+ (ce,H) with the initial con-
centration of F– (c0,F ): ●, data; , model predictions.
the film thickness in bulk phase δ and in the pellet phase δ′, the rate con-
stants for the reactions kfi, and the surface concentrations cj,s are required.
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Figure 27: Variation of the equilibrium concentration of F– (ce,F ) with the initial concen-
tration of F– (c0,F ): ●, data; , model predictions.
0.0 0.4 0.8 1.2 1.6 2.0 2.4
0.0
0.2
0.4
0.6
0.8
ce,Cl
(mM)
c0,F (mM)
Figure 28: Variation of the equilibrium concentration of Cl– +NO –3 (ce,Cl) with the initial
concentration of F– (c0,F ): ●, data; , model predictions.
The values of the diffusion coefficients were obtained from Cussler (2009)
(Table 3). The film thickness in the bulk phase was obtained from the cor-
relation (Wakao and Funazkri, 1978; Ruthven, 1984)
δ = dp
2 + 1.1 Sc(1/3) Re0.6 , 3 < Re < 104 (104)
and in the pellet phase it was taken as δ′ = dp/10 (Liaw et al., 1979; Seader and Henley,
2006). Using (79) and (80), the the surface concentrations can be calculated
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Table 3: Diffusion coefficients at infinite dilution used for different ions.
Ion Diw (m2/s)
H+ 9.31 ∗ 10−9
Na+ 1.33 ∗ 10−9
F– 1.47 ∗ 10−9
Cl– 2.03 ∗ 10−9
OH– 5.28 ∗ 10−9
for known concentrations in the bulk and the particle phases. This was ob-
tained using a modified Gauss elimination method, which is discussed in
Appendix B.
As there are no predetermined values for the rate constants, an initial
estimate was obtained for the special case of negligible diffusional resistance,
and the rate constants were spanned over a range of values to obtain a mini-
mum for the objective function. The minimum was obtained using an inhouse
code . In the developed routine, the differential equations are solved using
the MATLAB inbuilt routine ODE15s, which works well for a system of stiff
equations. For an initial condition c0,F = 0.48 mM and c0,H = 6.02∗10−4 mM,
the above equations were solved. Values of the objective function fo, defined
by an equation similar to (100), were plotted with respect to different values
of the rate constants. Here, the xdatai and ydatai correspond to the dimen-
sionless time and the experimental concentrations of all the ions at i, and
F (p,xdatai) is the simulated dimensionless concentrations with parameters
p. For each value of kf1, contours of constant fo in the logkf2 - logkf3 plane
are shown in Fig. 29. It was found that there was a minimum value of fo
for each value of kf1. This is denoted by min(fo), and its variation with
kf1 is shown in Fig. 30. The minimum value of fo was obtained for the rate
constants kf1 = 1.59∗104 m3mol−1s−1, kf2 = 1.0∗10−9 s−1, and kf3 = 3.16∗104
m3mol−1s−1. Reasonably good fits were obtained for all the ions (Figs. 31 -
33).
The predicted rate constants were used to simulate the concentration
profiles for initial F– concentrations of 0.26 mM, 0.79 mM, and 1.05 mM,
but the profiles did not fit the data well (Figs. 34 - 36). In Fig. 35, cCl
increases with time because NO –3 is released into the solution and Cl
– and
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Figure 29: Contour map showing the variation of the objective function fo with of kf1,
kf2, and kf3 when diffusional resistance was considered. Each panel corresponds to a fixed
value of kf1.
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Figure 30: Variation with kf1 of the minimum value of the objective function min(fo)
obtained for different values of kf2 and kf3.
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Figure 31: Variation of the dimensionless concentration of F– (cF /c0,F ) with dimensionless
time of operation (t/t∗): ●, data; , model predictions. Here c0,F = 0.48 mM is the
initial concentrations of F– and t∗ = 1.7 s is the empty bed contact time.
NO –3 have been treated as interchangeable in the present work. There is an
inherent error in the predictions at long times, as the theoretical equilibrium
values for higher initial concentrations of F– did not match the data (Figs. 26
- 28). The assumption of neutralizing the charge on the surface of pellet with
a counter ion from the solution may be affecting the equilibrium and kinetics
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Figure 32: Variation of the dimensionless concentration of Cl– + NO –3 (cCl/cr,Cl) with
dimensionless time of operation (t/t∗): ●, data; , model predictions. Here c0,F =
0.48 mM is the initial concentration of F– , cr,Cl = ρbq1i = 0.655 mM is the maximum
amount of impurity present on the adsorbent, and t∗ = 1.7 s is the empty bed contact
time.
of ion adsorption.
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Figure 33: Variation of the dimensionless concentration of H+ (cH/c0,H) with dimension-
less time of operation (t/t∗): ●, data; , model predictions. Here c0,F = 0.48 mM,
c0,H = 6.02∗10
−4 mM are the initial concentration of F– and H+, respectively, and t∗ = 1.7
s is the empty bed contact time.
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Figure 34: Variation of the dimensionless concentration of F– (cF /c0,F ) with dimensionless
time of operation (t/t∗): ●, , c0,F = 0.26 mM; ▲, , c0,F = 0.79 mM; ∎, ,
c0,F = 1.05 mM; symbols, data; curves, predictions. Here c0,F is the initial concentration
of F– and t∗ = 1.7 s is the empty bed contact time.
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Figure 35: Variation of the dimensionless concentration of Cl– + NO –3 (cCl/cr,Cl) with
dimensionless time of operation (t/t∗): ●, , c0,F = 0.26 mM; ▲, , c0,F = 0.79
mM; ∎, , c0,F = 1.05 mM; symbols, data; curves, predictions. Here cr,Cl = ρbq1i =
0.655 mM and t∗ = 1.7 s is the empty bed contact time.
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Figure 36: Variation of the dimensionless concentration of H+ (cH/c0,H) with dimension-
less time of operation (t/t∗): ●, , c0,F = 0.26 mM; ▲, , c0,F = 0.79 mM; ∎,
, c0,F = 1.05 mM; symbols, data; curves, predictions. Here c0,H is the initial concentration
of H+ and t∗ = 1.7 s is the empty bed contact time.
45
5. Conclusions
The adsorption of F– on activated alumina is observed to be highly influ-
enced by the presence of many ions like HCO –3 , SO
2–
4 . Here single compo-
nent adsorption of the ions was performed. There was adsorption of HCO –3
and SO 2–4 , but a negligible adsorption of Cl
– , NO –3 , and Na
+ onto AA.
When a two-component adsorption was performed with F– , there was no
influence of Cl– , NO –3 , and Na
+ on the uptake of F– .
Equilibrium constants for the reactions (7) and (8) were estimated by
fitting model predictions to data obtained by titration. A good fit was ob-
tained for the variation of the pH with the volume of acid added. The present
model predicts the concentration profiles of the ions including H+, whereas
existing models specify the concentration of H+ and predict the equilibrium
concentrations of the ion that is adsorbed. Here the formation of −−AlF sites
is dependent on all the sites and species in solution. For the reaction (9) i.e.
the adsorption of F– , a reasonable fit was obtained for the variation of equi-
librium values of F– , H+, and Cl– with the initial concentration of F– (c0,F )
in the range 0.3 - 0.8 mM. However, for c0,F in the range of 0.8 - 2.0 mM,
the agreement between the model predictions and the data was not good.
A model describing the kinetics of adsorption in a differential bed adsor-
ber was developed, accounting for the various ions in solution. For c0,F = 0.48
mM, rate constants for the reactions (7) - (9) were estimated by fitting pre-
dictions to data. For other values of c0,F , the performance of the model was
not good.
Appendix A. Derivation of (81) and (82)
The derivation of (81) is discussed in this appendix. A similar approach
can be used to derive (82). The flux terms used in the mass balance equations
with the assumption of a linear driving force depend on the n species present
in the system. But the dependence on the n species can be reduced to n − 2
species with the use of charge neutrality condition and the assumption that
the water dissociation reaction attains equilibrium very rapidly. The general
flux term is given by
Ni = n∑
j=1
Dij
∆cj
δ
, i = 1, n (A.1)
whereDij =Diδij− tizi zjDj, ∆cj is the difference in the concentration of species
in the phases separated by a film of thickness δ. Let i = 1 denote H+, i = n−1
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denote OH– , and i = n be the species eliminated by the charge neutrality
condition.
Using the assumption that the solution is electrically neutral, we have
n∑
i=1
zici = 0 (A.2)
and substituting (A.2) in (A.1), we obtain
Ni = − n−1∑
j=1
ξnjDin
∆cj
δ
+ n−1∑
j=1
Dij
∆cj
δ
(A.3)
where ξij = zj/zi. If Dij = Dij − ξijDin
δ
, then (A.3) can be rewritten as
Ni = n−1∑
j=1
Dij∆cj (A.4)
Now using the condition that the water reaction is very fast, we have
cn−1 = Kw
c1
(A.5)
Equations (A.4) and (A.5) imply that
Ni = Di,n−1Kw ( 1
c1,b
− 1
c1,s
) + n−2∑
j=1
Dij∆cj (A.6)
Ni = Di,n−1Kw c1,s − c1,b
c1,bc1,s
+ n−2∑
j=1
Dij∆cj
Let φ = Kw
c1,b
, then
Ni = − φ
c1,s
Di,n−1∆c1 + n−2∑
j=1
Dij∆cj
Ni = (Di1 − φ
c1,s
Di,n−1)∆c1 + n−2∑
j=2
Dij∆cj , i = 1, n (A.7)
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For i = 2, n − 2 and i = n, Ni can be written in the simplified form (81),
with λij = Dij. For i = 1 (57) implies that
N1 −Nn−1 = (D11 − φ
c1,s
D1,n−1)∆c1 + n−2∑
j=2
D1j∆cj
− (Dn−1,1 − φ
c1,s
Dn−1,n−1)∆c1 − n−2∑
j=2
Dn−1,j∆cj
If λ1j = D1j −Dn−1,j, then
N1 −Nn−1 = − φ
c1,s
λ1,n−1∆c1 + n−2∑
j=1
λ1j∆cj (A.8)
Equation (A.8) can be written in terms of an effective mass transfer co-
efficient as
Ni = n−2∑
j=1
kb,ij∆cj (A.9)
where kb,ij is given by (83). Using a similar approach, expressions for kp,ij,
which are shown in (83), can be derived.
Appendix B. Modified Gauss elimination to calculate the surface
concentration
Calculation of the surface concentration is dependent on the concentra-
tions of species in the bulk and the particle. As there is no accumulation of
the mass in the films at the interfaces, there is a continuity in the flux from
the bulk to particle. So, we obtain (79) and (80), and based on the derivation
given in Appendix Appendix A, they can be modified as
n−2∑
j=1
kb,ij(cj,b − cj,s) = n−2∑
j=1
kp,ij(cj,s − c¯j,p) (B.1)
Upon rearranging the terms we obtain
n−2∑
j=1
cj,s(kb,ij + kp,ij) = n−2∑
j=1
(kb,ijcj,b + kp,ij c¯j,p) (B.2)
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Equation (B.2) can be represented in a matrix form by introducing effective
mass transfer coefficients matrices [kb] and [kp] of size [n − 2 x n − 2] and
concentration vectors cs, cp, cb of size n−2. The resulting matrix form will be
[kb + kp]cs = [kb]cb + [kp]cp (B.3)
Equation (B.3) is of the form AX = B and can be solved using Gauss
elimination to obtain the unknown vector X if A and B are independent of
the components of X . In the present case, the matrices are dependent on
c1,s. So, (B.3) is modified to solve for the vector cs.
Using (83) for any i, from (B.3) we can obtain
−(φλi,n−1 + φ′λ′i,n−1) + n−2∑
j=1
(λij + λ′ij)cj,s = −(φλi,n−1c1,b + φ′λ′i,n−1c¯1,p) 1c1,s
+ n−2∑
j=1
(λijcj,b + λ′ij c¯1,p)
(B.4)
Upon rearranging and multiplying both sides by c1,s we obtain
(λi1 + λ′i1)c21,s + n−2∑
j=2
(λij + λ′ij)c1,scj,s + [− n−2∑
j=1
(λijcj,b + λ′ij c¯j,p) − φλi,n−1 − φ′λ′i,n−1] c1,s
+ φλi,n−1c1,b + φ′λ′i,n−1c¯1,p = 0
(B.5)
If
τi,j−1 = λij + λ′ij; j = 2, n − 2; i = 1, n − 2&n (B.6)
τi,n−2 = λi1 + λ′i1; i = 1, n − 2&n (B.7)
τi,n−1 = − n−2∑
j=1
(λijcj,b + λ′ij c¯j,p) − φλi,n−1 − φ′λ′i,n−1; i = 1, n − 2&n (B.8)
τv,i = −(φλi,n−1c1,b + φ′λ′i,n−1c¯1,p); i = 1, n − 2&n (B.9)
then (B.5) becomes
n−2∑
j=2
(τi,j−1cj,sc1,s) + τi,n−2c21,s + τi,n−1c1,s = τv,i (B.10)
49
Now [τ] is a matrix of dimension [n − 2 x n − 1] and τv is a vector of
dimension n−2. Using (B.10), a new unknown vector P can be defined with
elements being cj,sc1,s(j = 2, n − 2), c21,s, and c1,s. Therefore, (B.10) takes
the form τP = τv. As τ is a rectangular matrix, the last row will have two
elements when Gaussian elimination is used. Upon multiplication of the
matrices and vectors after elimination, the last row becomes a quadratic in
c1,s. With the selection of a suitable root for c1,s which satisfies c1,s ≥ 0, the
values cj,s, j = 2, n − 2 can be computed.
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